
T E M P E R A T U R E  F I E L D  O F  A N  I N F I N I T E  P L A T E  IN T H E  

C A S E  O F  A V A R I A B L E  H E A T - E X C H A N G E  C O E F F I C I E N T  

V.  N .  K o z l o v  UDC 536.12 

An infinite s y s t e m  of o rd inary  different ia l  equations is obtained; account  of a finite number  
of these equations yields an approx imate  solution for  the p rob l em.  

We a re  to solve the one-d imens ional  heat-conduct ion equation 

a0 (x, Fo) a~0 (x, Fo) 
a Fo OX 2 

( i) 

with the initial conditions 

o (x,  o) = f ( x )  (2) 

and the boundary conditions 

O0 (1, Fo) 
O X  

--Bi (Fo)[0re(F0)--0(1, Fo)], (3) 

00(0, Fo) = 0. (4) 
0X 

We use the notation 

and rewr i te  condition (3) as 

q (Fo) = Bi (Fo)[0m(FO ) --O (1, Fo)l (5) 

aO (I, Fo) 
= q (Fo). (6) 

a x  

Now solving Eq. (1) with boundary conditions (2) and (4) and boundary condition (6) of the second kind, 
we can find the re la t ion  between q (Fo) and 0 (1, Fo), which, along with (5), gives the solution of p rob lems  
(1)-(4). 

The solution of p rob lems  (1), (2), (4), and (6) can be wri t ten [1] 

0 (X, Fo) = zo (Fo) -~. 2 ( -  ,)n cos nnXz,,  (Fo), (7) 

where  
t Fo 

Zo (Vo) = .[: (x)  ex + j' q (~) at, 
0 0 

1 Fo 

[(-,)o2 I:(x)r + 2f q( )exp (n:o], 
0 0 

n =  1,2 . . . .  

Different ia t ing the left  and r ight  s ides  of (8) with r e spec t  to Fo, we find a s y s t e m  of o rd inary  different ia l  
equat ions:  

(s) 
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F ig .  1. Graph  used  to ca l cu la t e  the t e m p e r -  
a tu re  of the pla te  s u r f a c e s .  

with the initial cond i t ions  

z o (Fo) = q (Fo), 

§  ~ q ( F o ) , n = l , 2  . . . . .  

I 

Zo (o) = ~ : (x) dX ,  

0 

1 

z,~(O) = ( - -  1)n2Sf(X ) cos n~XdX, n = 1, 2 . . . .  
0 

Subs t i tu t ing  X = 1 into (7), and us ing  cos nTr = ( -1)  n (n = 1, 2 . . . .  ), we find 

0 (1, Fo) =zo (Fo) + ~.~ z n (Fo). 
nMv 

Now, we use  (5) and (11) to conve r t  s y s t e m  (9) to 

1 )o (Fo) + Zo (Fo) = 0m(FO)--~ z~ (Fo), 
Bi (Fo) ~=x 

(9) 

(10) 

(11) 

1 2. 
=2  Bi (Fo) t ~ -  "2 Fo) --Zo (Fo) - -  z m (Fo) , n = I, 2 . . . .  (12) 

Solving this  s y s t e m  with the in i t i a l  condi t ions  (10), we can  d e t e r m i n e  f r o m  Eq.  (7) the t e m p e r a t u r e  at any 
poin t  X of the p l a t e .  

F o r  app rox ima te  c a l c u l a t i o n s ,  we can  r e t a i n  a f ini te  n u m b e r  of the d i f f e r en t i a l  equa t ions  in s y s t e m  
(12), because  the t i m e  cons t an t s  (1/mr) 2 (n = 1, 2 . . . .  ) d e c r e a s e  r a p i d l y  as  n i n c r e a s e s ,  and a r e  neg l ig ib le  at 
l a rge  n (1/~r 2 = 0.1013; 1/47r 2= 0.0253; 1/97r 2= 0.0112; 1/167r 2 = 0.063; 1/257r 2-= 0.0040; 1/36~r 2 = 0.0028). 
This  t r u n c a t e d  s y s t e m  of equa t ions  can be w r i t t e n  

1 " (Fo) +zo(Fo)  = O~ (Fo) --~_~ z,~ (Fo), 
Bi (Fo) zo .~=l 

z,~ (Fo) -I-z,~ (Fo) = 2  zo (Fo), n = 1,2 . . . . .  s, (13) 

z, (Fo) =2  ~ -  z0 (Fo). 
n ~ s +  I n = s +  1 

From the solution of this system, we find the temperature at point X of the plate, using the equation 

~=' 1 cosnz~Xzo (Fo). 0 (X, Fo) = Zo (Fo) + ~ ]  ( - -  1y cosn~Xz,~(Fo)+2 ( - -1)  n 
tZ~ I t/~S-[-I 

(14) 
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However ,  since 

COS /'tax 
1 --3X ~ (15) 

Eq.  (14) can be wri t ten 

O (X, Fo) =zo (Fo) + ' ~  (-- 1) '~ cosnr~Xz,~ ( F o ) -  - -  
n = l  

1--3X~ "=~ ( 1 ) z 
6 + 2 ~] (-- 1)'. -- 

n = l  /7,~, 

cosn=X 4 (Fo). (16) 

Now substituting X = 1 into (15), we find 

Y-i 1; 1 2 ~-~ -- 3 

Accordingly ,  we can write sys tem (13) in the final form:  

m ~ s  

T (Fo) Zo (Fo) -F zo (Fo) =Om(FO ) -- ~ z m (Fo), 
m=l 

I z~}r~ (Fo) q'- z,~ (Fo) z o (Fo), n = 1, 2 . . . . .  s, 

(17) 

whe re 

T (Fo) Bi (Fo) § 3 -  ,,~__~ \rn~ / 

The approximate calculation of the tempera ture  field of an infinite plate thus reduces to the solution 
of sys tem (17)with the initial conditions (10), and the subsequent determination of the tempera ture  at the 
given point f rom Eq. (16). In p rac t i ce ,  it is sufficient to solve two or  three equations (s = 1-2) of sys tem 
(17). 

Figure 1 shows the t empera tures  0(1, Fo) and 0(0, Fo) of the plate surfaces  determined for Bi = 2 
with an account of only two equations (s = 1). The equations were integrated graphically by the Bashkirov 
method [2]. The points show temperature  values obtained by an ordinary solution of sys tems  (1)-(4). When 
Fo > 0.05, the resul ts  are  in essential ly complete agreement .  

0 
0m 
X 

t 
0~ 

k 
~(t) 
L 
X = x/L 
Fo = a t / L  2 
Bi(Fo) - a(Yo)L/k 

NOTA TION 

is the plate tempera ture ;  
ts the medium tempera ture ;  
~s the spatial coordinate;  
is the t ime; 
~s the tempera ture  conductivity; 
is the thermal  conductivity; 
~s the heat-exchange coefficient;  
m the plate thickness;  
~s the dimensionless  coordinate;  
is the Four ie r  number ; 
is the Blot number .  
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